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MANIFOLDS WITH LARGE ISOTROPY GROUPS
ANDREAS KOLLROSS AND EVANGELIA SAMIOU
Abstract. We classify all simply connected Riemannian manifolds whose isotropy groups
act with cohomogeneity less than or equal to two.
1. Introduction and results
Let M be a simply connected Riemannian manifold and G a closed connected subgroup
of the isometry group of M . We consider the action of an isotropy group, i.e. the subgroup
Gp = {g ∈ G | g · p = p} consisting of all elements which leave one point p ∈ M fixed. This
group Gp acts on M by restriction of the G-action and by the differentials of the isometries
in G on the tangent space TpM ; we call the first the isotropy action, while the latter is
called isotropy representation. For any differentiable Lie group action, the minimal orbit
codimension is called the cohomogeneity of the action.
It is a well known classical result that two-point homogeneous spaces, i.e. Riemannian
manifolds where any ordered pair of equidistant points can be mapped to any other such
pair by an isometry, are exactly the rank-one symmetric and Euclidean spaces [5]. Two-
point homogeneity is equivalent to the condition that the isotropy action at any point is of
cohomogeneity one.
Thus, Riemannian manifolds whose isotropy actions are of cohomogeneity one are well-
known and it is a natural question to ask which Riemannian manifolds have isotropy actions
of low cohomogeneity. In this article, we classify all simply connected Riemannian man-
ifolds M whose isotropy groups act with cohomogeneity less than or equal to two. For
homogeneous spaces this condition is equivalent to saying that the unit tangent bundle
of M is of cohomogeneity one. However, there are also non-homogeneous examples of such
manifolds.
By K = Gp we will usually denote the isotropy subgroup of the G-action at a point p lying
in a principal orbit. Furthermore we denote by c(G,M) the cohomogeneity of the G-action
on M . For the cohomogeneity of the G-action on the tangent bundle we have
c(G, TM) = c(K, TpGp) + 2c(G,M) = c(K,M) + c(G,M).
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Our main result for the homogeneous case is given by the following theorem. For the
non-homogeneous case, see Theorem 5.1. Of course, if we allow the isotropy group to be
trivial, we get all two-dimensional manifolds.
Theorem 1.1. Let M = G/K be a simply connected Riemannian homogeneous space such
that the isotropy group K acts with cohomogeneity two on M . Assume further that M
is de Rham irreducible. Then M is isometric to one of the following homogeneous spaces
equipped with a G-invariant metric.
(i) An irreducible symmetric space of rank two.
(ii) A generalized Heisenberg group of type
N(1, n), N(2, n), N(3;n, 0), N(6, 1), N(7; 1, 0).
(iii) One of the following compact homogeneous spaces:
SU(n+ 1)
SU(n)
,
Sp(n+ 1)
U(1) · Sp(n) ,
Sp(1) · Sp(n + 1)
∆Sp(1) · Sp(n) ,
Spin(9)
Spin(7)
.
(iv) One of the following non-compact homogenous spaces:
SU(n, 1)
SU(n)
,
Sp(n, 1)
U(1) · Sp(n) ,
Sp(1) · Sp(n)⋉R4n
U(1) · Sp(n) ,
Sp(1) · Sp(n, 1)
∆Sp(1) · Sp(n) ,
Sp(1) · (Sp(1) · Sp(n)⋉ R4n)
∆Sp(1) · Sp(n) ,
Spin(7)⋉ δ7
Spin(6)
,
Spin(8, 1)
Spin(7)
,
Spin(8)⋉ δ+8
Spin(7)
.
(v) Hyperbolic space with G-action as given in Theorem 3.4.
The paper is organized as follows. We start with a splitting criterion for homogeneous
spaces which we use to detect Riemannian products from the isotropy representation. In
Section 3 we prove fibration theorems for homogeneous spaces with reducible isotropy rep-
resentation with two submodules. The actual classification of homogeneous spaces with
isotropy cohomogeneity two is done in Section 4. We first determine all effective representa-
tions of cohomogeneity two. Using the splitting criterion from Section 2, we eliminate those
leading to Riemannian products. Then we construct all homogeneous spaces correspond-
ing to the remaining representations. The final Section 5 contains the classification in the
inhomogeneous case.
We would like to thank Carlos Olmos for helpful discussions.
2. A splitting criterion for homogeneous spaces
IfM is isometric to a product M = X×Y , with X irreducible or maximal Euclidean then
the factors X and Y are preserved by any connected group of isometries. In particular, the
action of any connected group of isometries onM projects to actions of lower cohomogeneity
on both factors X and Y . Furthermore, if M is homogeneous then so are X and Y . For
the classification we may therefore exclude reducible Riemannian manifolds. These can be
detected by means of Corollary 2.4 from the isotropy representation.
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Lemma 2.1. Let M = G/K be a Riemannian homogeneous space and V ⊆ TpM a submod-
ule of the isotropy representation. Assume that V is the fixed point set of some subgroup
N ⊆ K. Then the G-invariant distribution DV given by
DV (gp) = dpgV
is well-defined and integrable. The leaf through p ∈M is a connected component of the fixed
point set of N and therefore the leaves of the foliation corresponding to DV are closed totally
geodesic submanifolds.
Proof. It follows from the K-invariance of V that the distribution D is well-defined. We may
assume that N ⊆ K is the kernel of the K-action K → SO(V ) on V and let F ⊆ M be
the connected component containing p of the fixed point set of the N -action on M . Thus
F ⊂ M is a totally geodesic submanifold and TpF = V .
We are going to show that F is everywhere tangent to the distribution D. For gp = q ∈ F ,
let
Vg = g
−1TqF ⊆ TpM and Ng = g−1Ng ⊆ K .
Clearly, Ng fixes Vg pointwisely, i.e. nu = u for each n ∈ Ng and u ∈ Vg. Also, since
Ng ⊆ K, it preserves the decomposition TpM = V ⊕V ⊥ of TpM in K-invariant submodules,
i.e. NgV = V and NgV
⊥ = V ⊥. We have constructed a continuous map
g 7→ Vg ∈ Gdim(V )(V ⊕ V ⊥)
into the Grassmannian sending the identity element e ∈ G to Ve = V . A chart around V for
this Grassmannian is given by
(2.2) Hom(V, V ⊥)→ Gdim(V )(V ⊕ V ⊥), A 7→ Γ(A) = {(v, Av) | v ∈ V }.
Hence for g sufficiently close to e we can write
Vg = {(v, Agv) | v ∈ V }
with Ag ∈ Hom(V, V ⊥) depending continuously on g and Ae = 0. Since Ng fixes Vg point-
wisely we have for n ∈ Ng and v ∈ V that
(2.3) (nv, nAgv) = n(v, Agv) = (v, Agv)
and thus nv = v, and nAgv = Agv. Therefore Ng ⊆ N and, since Ng, N are isomorphic
compact Lie groups, we actually have Ng = N . From (2.3) we now have nAgv = Agv for all
n ∈ N . Thus Agv ∈ V ∩ V ⊥ = 0.
We have shown that Vg = V as long as Vg is in the image U0 of the map (2.2). Since F is
connected, for each q ∈ F there is a path g(t) ∈ G, t ∈ [0, 1] such that g(t)p ∈ F , g(1)p = q
and g(0) = e. The set {t ∈ [0, 1] | Vg(t) ∈ U0} ⊂ [0, 1] is open and closed since, by the above,
“Vg(t) ∈ U0” is equivalent to “Vg(t) = V ”. Hence Vg = V for all g ∈ G with gp ∈ F . In
particular, TqF = gV = DV (q). 
Lemma 2.1 provides a splitting criterion for simply connected homogeneous spaces with
reducible isotropy representation.
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Corollary 2.4. Let M = G/K be an effectively presented simply connected Riemannian
homogeneous space. Assume that the isotropy representation
(2.5) TpM = m = m1 ⊕m2
splits with nontrivial K-submodules m1, m2. Additionally suppose that both m1, m2 are fixed
modules of suitable subgroups of K, i.e. there are subgroups Ni ⊂ K such that
mi = Fix(Ni) = {v ∈ m | nv = v for all n ∈ Ni} .
Then M admits a nontrivial de Rham decomposition M =M1 ×M2.
Proof. We have subgroups Ni = ker (K → SO(mi)) ⊂ K such that
mi = {x ∈ m | nx = x for all n ∈ Ni}.
By Lemma 2.1 we have complementary integrable totally geodesic G-invariant distribu-
tions Dmi, i = 1, 2,
(2.6) TM = Dm1 ⊕Dm2.
By G-invariance, these distributions are perpendicular at each point q ∈ M . The distri-
butions are also parallel. To see this, let x, y ∈ ΓDm1 and v, w ∈ ΓDm2 be sections and
compute
〈∇xv | y〉 = −〈v | ∇xy〉 = −〈v | II1(x, y)〉 = 0 and
〈∇wv | y〉 = 〈II2(w, v) | y〉 = 0
where IIi denotes the second fundamental form of Dmi. This shows that ∇x+wv ∈ Dmi for
each x+w ∈ TM and each section v ∈ ΓDmi. Thus (2.5) is preserved by the holonomy of M
at p. By the de Rham Holonomy Theorem M = M1 ×M2 splits as a Riemannian product
according to (2.6). 
3. Splitting isotropy and structure of homogeneous spaces
Theorem 3.1. Let M = G/K be a Riemannian homogeneous space whose isotropy repre-
sentation can be decomposed into two (not necessarily irreducible) invariant subspaces
TpM = m = m1 ⊕m2
such that the kernel N1 of the K-representation on m1 acts without nonzero fixed vectors
on m2. Then g1 = k⊕m1 is a subalgebra of the Lie algebra g and the corresponding connected
subgroup G1 of G is closed.
Proof. We first show that g1 = k ⊕m1 is a Lie algebra. Clearly [k, k] ⊆ k ⊆ g1 and [k,m1] ⊆
m1 ⊆ g1. It remains to show that [m1,m1] ⊆ g1, or, equivalently, that for m,m′ ∈ m1 we
have [m,m′] ⊥ m2. To this end, let pr : g→ m2 be the orthogonal projection. Since N1 ⊆ K
and K acts isometrically on g, this map is N1-equivariant. Now for n ∈ N1 we compute
Adn pr [m,m
′] = prAdn [m,m
′] = pr [Adnm,Adnm
′] = pr [m,m′] .
Hence pr[m,m′] is a fixed vector for N1 in m2 and therefore zero.
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In order to show that the connected subgroup G1 ⊆ G with Lie algebra g1 is closed, recall
that in the isotropy representation, m1 is the fixed point set of N1. Thus by Lemma 2.1
the distribution Dm1 is integrable with closed totally geodesic leaves. The orbit G1p is
an immersed submanifold of M . We also have that Dm1(p) = m1 = TpG1p and, by left
invariance of the distribution Dm1 , that Dm1(q) = TqG1p for each q = g1p ∈ G1p. Since G1p
is connected, it is contained in the leaf F of Dm1 through p. We now show that G1p = F .
Since both have the same dimension dimm1, there is r > 0 such that F ∩ Br(p) ⊆ G1p,
where Br(p) = {x ∈M | d(x, p) < r}. If q = g1p ∈ G1p, then g1F = F and F ∩ Br(q) =
g1(F ∩Br(p)) ⊆ g1G1p = G1p. Thus G1p has the following property:
q ∈ G1p⇒ F ∩Br(q) ⊆ G1p
But then also the complement F \ G1p has this property. It follows that both G1p and
F \ G1p are open in F . Since F is connected, we have G1p = F . Now G1 is closed, since it
is the preimage G1 = pr
−1(G1p) under the projection pr : G → G/K = M , pr : g 7→ gp =
gK ∈M . 
In general, the adjoint representation of G restricted to G1 does not preserve m2, but
induces an action on g/g1 by
G1 × g/g1 ∋ (x,m+ g1) 7→ Adxm+ g1 ∈ g/g1 .
Under the isomorphism
m2 ∼= g/g1
m 7→ m+ g1
and the orthogonal projection pr : g→ m2 this induces a G1-action on m2 given by
(3.2) G1 ×m2 ∋ (x,m) 7→ pr(Adxm)
which extends the action K → SO(m2) of K. Henceforth we will refer to this action simply
as the G1-action on m2.
Theorem 3.3. Let M = G/K be as in Theorem 3.1 and assume the G1-action on m2 is
isometric. Then the quotient B = G/G1 is a Riemannian homogeneous space and we have
a Riemannian submersion and homogeneous fibre bundle
F = G1/K →֒ M = G/K π−→ G/G1 = B
with structure group G1, base B and totally geodesic fibres F .
Proof. Assume that G1 acts isometrically on m2. The scalar product on m2 ∼= g/g1 ∼= TG1B
then extends to a left invariant metric on B = G/G1 and the projection G/K → G/G1
becomes a Riemannian submersion. 
Let us now look at the case where G1 does not act isometrically on m2.
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Theorem 3.4. Let M = G/K be as in Theorem 3.1 and such that the G1-action on m2 is
not isometric. Assume that K is irreducible on m2 and for all m ∈ m2 the isotropy subgroup
Km of the K-action on m2 acts irreducibly on m1. Then m1 is one-dimensional and M is a
semidirect product
(3.5) M = R⋉Kn where K = R, C, or H
endowed with a left invariant metric arising from the orthogonal direct sum of standard
scalar products on R and Kn. In (3.5) the R-factor acts on Kn via a group monomorphism
R→ K×, t 7→ eλt, for some not purely imaginary λ ∈ K and Kn carries the standard scalar
product.
In particular, up to rescaling, M is isometric to hyperbolic space.
Proof. Suppose G1 does not act isometrically on m2. Since G1 is connected, there is ξ ∈ g1
such that the endomorphism of m2 mapping m 7→ pr[ξ,m] is not skew-symmetric, i.e. such
that 〈m | [ξ,m]〉 6= 0 for some, and therefore almost all, m ∈ m2 and ξ ∈ m1. Since
g1 = k ⊕ m1 and adk is skew-symmetric on m2 we may assume ξ ∈ m1. We fix such an
m ∈ m2, |m| = 1 and consider the homomorphism
(3.6) m1 → R , ξ 7→ 〈m | [ξ,m]〉
which is not zero. By the assumption, the isotropy group Km acts irreducibly on m1, and,
since (3.6) is Km-equivariant, Schur’s Lemma yields an isomorphism m1 ∼= R.
We have G1 = K ·Q with a one-dimensional group Q ∼= S1 or ∼= R+. For x ∈ Q consider
the adjoint Adx of x acting on g = g1 ⊕m2 ∋ y +m. We have
(3.7) Adx(y +m) = y + Axm+ Lxm
with homomorphisms Ax ∈ Hom(m2, g1) and Lx ∈ Hom(m2,m2). Since Adx commutes with
all Adk, k ∈ K, the homomorphisms Ax and Lx are K-module homomorphisms. It follows
from Schur’s Lemma that
Lx ∈ End(m2)K ∼= K = R, C, H
and that Ax : m2 → g1 = k ⊕ R is zero, an isomorphism m2 ∼= R or an isomorphism of m2
with some nontrivial irreducible submodule in the adjoint representation of K. If m2 ∼= R,
then K is trivial and M = G is a two-dimensional Lie group. In this case it follows that
M is isomorphic to R+ ⋉ R, where the left factor acts by multiplication on the right, since
there is only one isomorphism class of non-abelian two-dimensional real Lie algebras.
Thus we may assume Ax : m2 → k. We have a one-parameter group
(3.8) L : Q→ K× , x 7→ Lx
into the multiplicative group of the (skew) field K. Let ξ ∈ m1 ∼= R be an infinitesimal
generator of Q. Differentiating (3.7) we have
adξ(y +m) = dA(ξ)m+ dL(ξ)m
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with dL nontrivial, since G1 and therefore Q is not isometric on m2. Thus 0 6= λ = dL(ξ) ∈ K
and we can diagonalize adξ on g. In fact, the eigenspaces are
E(adξ, 0) = g1 = k⊕ R,
E(adξ, λ) = {λ−1dA(ξ)m+m | m ∈ m2} ⊆ k⊕m2.
(3.9)
Since Q commutes with K we have AdKξ = ξ and therefore the eigenspaces (3.9) are AdK-
invariant. In particular, we may replace m1 ⊕ m2 by m1 ⊕ E(adξ, λ) as an AdK-invariant
complement of k in g to describe the metric structure of G/K. In other words, we may
assume w.l.o.g. m2 = E(adξ, λ), dA(ξ) = 0 and thus Ax = 0 for all x ∈ Q.
As G1 is not isometric on m2 the image of the 1-parameter group L is not contained in
the unit sphere of K. Hence Q = R, and we find x ∈ Q such that Lx = λ ∈ R ⊂ K, |λ| 6= 1.
For this x we consider the automorphism Adx of the Lie algebra g. For m1, m2 ∈ m2 we
compute
Adx([m1, m2]) =[m1, m2]g1 + λ[m1, m2]m2
= [Adxm1,Adxm2] =λ
2[m1, m2]g1 + λ
2[m1, m2]m2
Since |λ| 6= 1 we conclude that [m1, m2] = 0 and m2 is an abelian ideal in g. It follows that
m1 ⊕m2 is a solvable ideal in g.
The connected abelian subgroupM2 ⊂ G corresponding tom2 cannot have compact factors
since its automorphism group contains K, which acts irreducibly on the Lie algebra m2.
Hence M2 = m2 ∼= Kℓ is a K-vector space and the subgroup of G corresponding to m1⊕m2 is
the semidirect product Q⋉LM2, which acts transitively on the simply connected manifoldM
with discrete isotropy groups. It follows that Q⋉LM2 acts simply transitively on M and we
may identify M with the group Q⋉L M2. Hence we have M = Q⋉L M2 = R⋉L K
ℓ, where
L is the group homomorphism (3.8).
To prove that M is isometric to hyperbolic space we only need that L(t) = eλtω(t) with
λ ∈ R and a one-parameter group ω(t) ∈ O(m2) of isometries of m2. Identifying M with the
product R×m2, the group structure is given by
(t, x) · (s, y) = (t + s, x+ eλtω(t)y)
and the left invariant metric is
g(t, x) = dt2 + e−2λtdx2
where dt2 and dx2 are the metrics on R and m2 induced by the scalar products. In particular
the metric on M is a warped product and does not depend on ω. The curvature of g is
readily computed to be −λ2.
To see this, we choose vector fields T = ∂
∂t
tangential to the R-factor and X, Y along the
m2-factor, which are parallel with respect to the product metric g0 = dt
2+dx2. We may also
assume that X and Y are perpendicular with respect to both metrics simultaneously. We
abbreviate f(t) = e−λt and write |X| for the norm of X with respect to the product metric
g0. We have
g(T, T ) = 1, g(X, T ) = 0 = g(X, Y ), g(X,X) = f 2|X|2 .
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The various covariant derivatives are
∇TT,= 0 ∇TX = f
′
f
X, ∇XX = −f ′f |X|2T, ∇XY = 0 .
Hence, since the vector fields T , X , Y commute,
K(X + T, Y ) = g(RX+T,Y Y,X + T ) = g(∇X+T∇Y Y −∇Y∇X+TY,X + T )
= g(−|Y |2∇X+T f ′fT − f
′
f
∇Y Y,X + T )
= g(−|Y |2f
′
f
f ′fX − |Y |2f ′′fT − |Y |2f ′2T + f
′
f
f ′f |Y |2T,X + T )
= −|Y |2|X|2f ′2f 2 − |Y |2f ′′f − |Y |2f ′2 + f ′2|Y |2
(3.10)
For f(t) = e−λt this becomes
−λ2(|Y |2|X|2f 4 + |Y |2f 2) = −λ2|(X + T ) ∧ Y |2
hence the sectional curvature of the plane spanned by X + T and Y is −λ2. Since the set of
planes of this type is dense, the sectional curvature of M is constant −λ2. 
4. The classification in the homogeneous case
In this section, we will classify all simply connected Riemannian homogeneous spaces
whose isotropy action is of cohomogeneity two. Let M be a simply connected Riemannian
homogeneous space and G the connected component of the isometry group ofM . We denote
by K = Gp be the isotropy subgroup at a point p ∈ M . Then K is a compact subgroup
of G and since M = G/K is simply connected it follows that K is connected. Let m = TpM
be the tangent space of M at the point p with the scalar product 〈 · | · 〉 induced by the
Riemannian metric of M . The action of K on m by AdG|K is orthogonal with respect to
this scalar product.
We assume that the isotropy representation of K on m is of cohomogeneity two, thus it is
either irreducible or has two summands m = m1 ⊕m2 both of cohomogeneity one. We start
with the case where m is irreducible.
4.1. Isotropy irreducible spaces. Assume M = G/K is isotropy irreducible, i.e. K acts
irreducibly on the tangent space TpM . In case M is non-compact, the space is symmetric
by [11]. Now assume that M is compact and has isotropy representation of cohomogene-
ity two. By a result in [11], such a compact M is symmetric or G is simple and compact.
Since a cohomogeneity two representation is polar, it follows from [7] that M is symmetric
and we have proved:
Theorem 4.1. An isotropy irreducible simply connected homogenous Riemannian manifold
M = G/K with isotropy representation of cohomogeneity two is a symmetric space.
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4.2. Reducible isotropy representation. Now assume M = G/K is a simply connected
Riemannian homogeneous space whose isotropy representation
TpM = m = m1 ⊕m2
consists of two irreducible cohomogeneity one summands m1 and m2, such that K acts
transitively on Sm1 × Sm2, where Smi denotes the unit sphere in mi.
Let Ni be the kernel of K → SO(mi). The fixed modules of N1 on m2 and of N2 on m1 are
K-invariant subspaces and therefore trivial by effectivity. If both N1 and N2 are nontrivial,
then M splits by Corollary 2.4. But we may assume that M is de Rham irreducible, since
otherwise M is just the Riemannian product of two manifolds both of which are two-point
homogeneous. We conclude that K acts effectively on at least one of m1 or m2, say on m2.
We will now determine all reducible compact Lie group representations of cohomogeneity
two without trivial submodules and where at least one submodule is effective.
Proposition 4.2. Let K be a compact Lie group and let m = m1 ⊕ m2 be an orthogonal
K-representation such that:
(i) m1 and m2 are invariant subspaces,
(ii) K acts nontrivially on m1;
(iii) K acts effectively on m2;
(iv) the action of K on m is of cohomogeneity two.
Then K, m1 and m2 are as given in Table 1.
No. K dimm1 dimm2 Range
(1) U(n) 2 2n n ≥ 3
(2) U(1) · Sp(n) 2 4n n ≥ 1
(3) Sp(1) · Sp(n) 3 4n n ≥ 1
(4) Spin(6) = SU(4) 6 8
(5) Spin(7) 7 8
Table 1. Reducible representations of cohomogeneity two
Remark 4.3. While for the entries (3), (4) and (5) of Table 1 the representations are
determined up to equivalence by the dimensions of the irreducible modules m1 and m2, the
table entries (1) and (2) stand for infinitely many equivalence classes of representations, de-
pending on the action of the abelian factor on the module m1. In case of representation (1),
the action of g ∈ U(n) on m1 = C is given by multiplication with a power of the determi-
nant det gk, where we may assume that k is a positive integer, since the representations of K
by det gk and det g−k on m1 (considered to be a real vector space) are equivalent. Similarly,
in case of representation (2), the action of U(1) · Sp(n) = {zA | z ∈ C, |z| = 1, A ∈ Sp(n)}
on m1 = C is given by multiplication with z
2k, where k is a positive integer.
We may impose the condition n ≥ 3 on representation (1) since for n = 1 the cohomo-
geneity is 3 and for n = 2 the action is equivalent to (2).
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Proof. To prove the proposition, one may use the well known classification of Lie groups
acting transitively and effectively on spheres by isometries; see e.g. [3], 7.13. For the con-
venience of the reader, we reproduce it here in Table 2. It is straightforward to find for
Group K Isotropy Kq dimm2
SO(n) SO(n− 1) n
SU(n) SU(n− 1) 2n
Sp(n) Sp(n− 1) 4n
U(n) U(n− 1) 2n
Sp(n) · Sp(1) Sp(n− 1) · Sp(1) 4n
Sp(n) · U(1) Sp(n− 1) · U(1) 4n
G2 SU(3) 7
Spin(7) G2 8
Spin(9) Spin(7) 16
Table 2. Representations of cohomogeneity one, n > 1
any such representation m2 of a compact Lie group K all other (not necessarily effective)
K-representations m1 of cohomogeneity one such that the action of K on m1 ⊕ m2 is of
cohomogeneity two, i.e. the action of K on m1 restricted to a principal isotropy group of the
K-action on m2 still acts with cohomogeneity one.
Alternatively, one may start with the classification of reducible cohomogeneity two rep-
resentations given in [10] or [2] and then exclude those representations where both modules
are non-effective. 
Let g be the Lie algebra of G and let k be the subalgebra corresponding to K. Then g is
of the form
g = k⊕m1 ⊕m2,
where m = m1 ⊕ m2 is an AdG|K-invariant complement of k in g such that the action of K
on m is of cohomogeneity two, m1 and m2 are invariant subspaces and m2 is an effective
K-representation.
In the following we will determine all possible Lie algebra structures on g. Since we have
already fixed the Lie bracket on k × k and on k × m, it remains to determine the set of all
skew symmetric maps [·, ·] : m×m→ g such that the bracket thus defined on g× g satisfies
the Jacobi identity.
One major restriction for the possible Lie algebra structure comes from representation
theory, namely from the fact that any Lie bracket on g defines a K-equivariant map Λ2g→ g,
since the elements of K act on g as Lie algebra automorphisms.
We distinguish three cases: The case where m1 is a trivial one-dimensional submodule is
treated in Section 4.5. The case where m is equivalent to representation (1) from Table 1 is
studied in Section 4.4. We begin with the remaining four representations (2), (3), (4) and
(5) from Table 1.
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4.3. Heisenberg isotropy. In this section, we give a classification of all real Lie algebras g
of simply connected Lie groups G which have a compact subgroup K such that the isotropy
representation of the homogeneous space G/K is of cohomogeneity two, without a trivial
submodule and equivalent to the isotropy representation of a generalized Heisenberg group
endowed with a left invariant metric. Some generalized Heisenberg algebras occur as special
cases of this construction.
Proposition 4.4. Let M = G/K be a simply connected Riemannian homogeneous space
which is not de Rham decomposable and such that the action of K on the tangent space of M
is equivalent to one of the representations (2), (3), (4) or (5). Then M is isometric to one
of the homogeneous spaces as given in Table 3 equipped with a G-invariant metric.
No. K dimm1 dimm2 F B M
(2) U(1) · Sp(n) 2 4n R2 R4n N(2, n)
= Spin(2) · Sp(n) S2 HPn Sp(n + 1)
U(1) · Sp(n)
S2 R4n
Sp(1) · Sp(n)⋉R4n
U(1) · Sp(n)
S2 HHn
Sp(n, 1)
U(1) · Sp(n)
(3) Sp(1) · Sp(n) 3 4n R3 R4n N(3;n, 0)
= Spin(3) · Sp(n) S3 HPn Sp(1) · Sp(n+ 1)
∆Sp(1) · Sp(n
S3 R4n
Sp(1) · (Sp(1) · Sp(n)⋉ R4n)
∆Sp(1) · Sp(n)
S
3
HH
n Sp(1) · Sp(n, 1)
∆Sp(1) · Sp(n)
(4) SU(4) = Spin(6) 6 8 R6 R8 N(6, 1)
S6 R8
Spin(7)⋉ δ7
Spin(6)
(5) Spin(7) 7 8 R7 R8 N(7; 1, 0)
S7 S8
Spin(9)
Spin(7)
S7 R8
Spin(8)⋉ δ+8
Spin(7)
S7 H8
Spin(8, 1)
Spin(7)
Table 3. Non-symmetric homogeneous spaces whose isotropy representation
is of cohomogeneity two without a trivial submodule
Proof. Let g = k ⊕ m1 ⊕ m2 be a real Lie algebra and G be the corresponding simply
connected Lie group such that the action of the connected subgroup K corresponding to the
12 ANDREAS KOLLROSS AND EVANGELIA SAMIOU
Lie algebra k is equivalent to one of the representations (2), (3), (4), or (5) given in Table 1.
Assume the homogenous spaceM = G/K is endowed with a G-invariant Riemannian metric.
In each case the group K is of the form K = K0 · K1, where K0 = Spin(n), n = 2, 3,
6, or 7, respectively; the K-module m1 = R
n is equivalent to the standard representation
of Spin(n). Since there is an element in the center of K which acts trivially on m1 and as
minus identity on m2, we know that g1 = k ⊕ m1 is a symmetric subalgebra of g, i.e. a (not
necessarily compact) subalgebra of g for which the Cartan relations hold; i.e. we have
(4.5) [g1, g1] ⊆ g1, [g1,m2] ⊆ m2, [m2,m2] ⊆ g1.
We start by determining all possible brackets on m1 × m1. Since the action of K on m1
is the standard representation of Spin(n), the K-module Λ2m1 is equivalent to the adjoint
representation of K0. Hence we have by Schur’s Lemma that
[m1,m1] ⊆ k0
and it follows that the space of K-equivariant maps Λ2m1 is real one-dimensional, since the
adjoint representation of k0 is of real type.
We shall now explicitly describe the Lie bracket on the subalgebra g1 = k ⊕ m1 of g. Let
e1, . . . , en be an orthonormal basis of m1. Let Cℓn = Cℓ(m1) be the Clifford algebra over m1,
i.e. the real algebra generated by e1, . . . , en subject to the relation ei · ej + ej · ei = −2δij .
Identify k0 with the subset
(4.6) spin(n) = span
R
{ei · ej | 1 ≤ i < j ≤ n} ⊂ Cℓn,
where the bracket is given by the commutator. Then the action of k0 on m1 can be described
by [ei ·ej, ek] = −ek ·ei ·ej. Now let λ ∈ R be a constant. We define a Lie bracket on m1×m1
by
(4.7) [ei, ej] = λ ei · ej ∈ k0, i 6= j.
It can be easily verified that the bracket defined in this way is a skew symmetric map on
g1 × g1 → g1 fulfilling the Jacobi identity and indeed we have
g0 = k0 ⊕m1 ∼=


spin(n + 1) if λ > 0;
spin(n)⋉Rn if λ = 0;
spin(n, 1) if λ < 0.
Since the space of K-equivariant maps Λ2m1 → k0 is real one-dimensional and K1 acts
trivially on m1, this construction exhausts all possible Lie algebra structures on g1 = k⊕m1.
We have thus shown that the Lie bracket onm1×m1 is given by (4.7) for some real constant λ.
Let us now determine the Lie bracket on m1 ×m2. From (4.5) it follows that
[m1,m2] ⊆ m2.
Since we consider K-representations where the groupK acts on m1⊕m2 as the automorphism
group of a Clifford module of the Clifford algebra Cℓn (cf. [9] or Propositions 3.2 and 3.3
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of [8]), we may assume that m2 carries the structure of a Clifford module over Cℓn such that
the action of k0 on m2 is given by Clifford multiplication, i.e.
[X,w] = X · w, for X ∈ spin(n), w ∈ m2,
where we use the identification (4.6). Let us determine the space of K-equivariant maps
m1 ×m2 → m2.
We shall prove that HomK(m1 ⊗ m2,m2) has real dimension at most one in the case of
representations (3) and (5) and complex dimension at most one in case of representations (2)
and (4):
For the representations (2), where the action of zA, z ∈ C, |z| = 1, A ∈ Sp(n) on
m1 = C is given by complex multiplication with z
2k, the real K-module m1⊗m2 decomposes
into two 4n-dimensional submodules; on these two submodules, the action of zA is given
by the matrices z2k+1A and z2k−1A, respectively. Thus it follows that m1 ⊗ m2 contains a
submodule equivalent to m2 if and only if k = 1; furthermore, m1⊗m2 contains at most one
such submodule.
In case of the representations (3) and (5), the real K-representation m1 ⊗ m2 contains
at most one submodule equivalent to m2. (To verify this, one may for example use Weyl’s
dimension formula to see that the tensor product of the standard and the spin representation
of Spin(3) or Spin(7) contains an irreducible module of real dimension 8 or 48, respectively.)
Since m2 is a K-representation of real type, it follows that the space of K-equivariant maps
m1 ×m2 → m2 is at most real one-dimensional.
Let us now consider the case of representation (4). Here the real K-modules m1 and m2
are of real and complex type, respectively, and hence we may view the K-representation
m1 ⊗ m2 as a complex K-module. The real tensor product m1 ⊗ m2 decomposes into a
complex 20-dimensional irreducible plus a complex 4-dimensional module; thus the space of
K-equivariant maps m1 ×m2 → m2 is at most complex one-dimensional.
Clifford multiplication induces a map
m1 ×m2 → m2, (v, w) 7→ v · w
which isK-equivariant sinceK acts on m1⊕m2 as a group of Clifford module automorphisms,
cf. [9]. We have shown that the Lie bracket on m1 ×m2 is given by
(4.8) [v, w] = µ v · w
where µ is a real constant in case of representations (3) or (5) and a complex constant in
case of representations (2) or (4). Let X, Y ∈ m1, Z ∈ m2. By using (4.7) and (4.8), it
follows from the Jacobi identity [[X, Y ], Z] = [X, [Y, Z]]− [Y, [X,Z]] that λ = 2µ2.
We can always rescale the Lie bracket to have λ = 0 or ±1 and furthermore change the sign
of µ. In fact, consider a linear map f : k⊕m1⊕m2 → k⊕m1⊕m2 mapping (k, x, v) 7→ (k, αx, v),
and denote by [·, ·]′ the Lie bracket pulled back via f , i.e. [x, y]′ = f−1[fx, fy]. For y ∈ m2
and u, v ∈ m1 we then have
[u, v]′ = f−1[fu, fv] = λfu · fv = α2λ[u, v]′ ∈ k and
[u, y]′ = f−1[fu, fy] = f−1(µfu · fy) = αµ[u, y]′ ∈ m2.
(4.9)
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We can thus rescale (λ, µ) to (α2λ, αµ).
We will now consider the Lie bracket on m2 ×m2. From (4.5) we know that
[m2,m2] ⊆ k⊕m1.
To proceed further, we distinguish between two cases, depending on whether the modules
m1 and m2 do or do not commute.
The case where m1 and m2 commute. Assume [m1,m2] = 0. Then we have λ = 2µ
2 = 0 and
it follows that m1 is an abelian ideal of g.
If in addition [m2,m2] = 0 holds, then m = m1⊕m2 is an abelian ideal of g and M = G/K
is a homogeneous presentation of a Euclidean space.
Now assume 0 6= [m2,m2] ⊆ m1; in this case, the ideal m1⊕m2 of g is a two-step nilpotent
Lie algebra with center m1. The Lie bracket on m2×m2 defines a K-equivariant map Z 7→ JZ
from m1 to the skew symmetric endomorphisms of m2 by 〈JZX | Y 〉 = 〈Z | [X, Y ]〉 and also
a K-equivariant map ϕ : m1 ×m2 → m2 by
(4.10) 〈ϕ(Z,X) | Y 〉 = 〈Z | [X, Y ]〉 = 〈JZX | Y 〉 for Z ∈ m1, X, Y ∈ m2.
We have already shown that the space of K-equivariant maps m1 × m2 → m2 is real one-
dimensional for representations (3) or (5) and complex one-dimensional in case of represen-
tations (2) or (4). One particular such K-equivariant map is given by Clifford multiplication
using the inclusion m1 ⊂ Cℓ(m1). It follows that the map J : m1 → End(m2), Z 7→ JZ is
given by JZ : X 7→ κ Z · X where κ is a real constant in case of representations (3) or
(5) and a complex constant in case of representations (2) or (4), the dot denoting Clifford
multiplication. (In case of representations (2) and (4), m2 carries a complex structure.)
Since we assume [m2,m2] 6= 0, it follows that κ 6= 0.
Now let ρ =
√|κ|, ε = sgn(κ) in case of representations (3) or (5) and let ρ ∈ C be
such that ρ2 = κ and ε = +1, in case of representations (2) or (4). Define a bijective
linear map f : m → m by f(Z) = εZ for Z ∈ m1; f(X) = X/ρ for X ∈ m1. It follows that
〈f(Z) | [f(X), f(Y )]〉 = 〈Jf(Z)f(X) | f(Y )〉 = 〈Z ·X | Y 〉. This shows that m is isomorphic
to the Lie algebra of a generalized Heisenberg group of type
N(2, 1), N(3; 1, 0), N(6, 1), or N(7; 1, 0),
cf. [1] 3.1, and that M endowed with the metric induced from the scalar product 〈 · | · 〉
is isometric to a generalized Heisenberg group. We have shown that all possible two-step
nilpotent Lie algebra structures on m are given by this construction.
Now assume [m2,m2] 6⊆ m1. Since m1 is an (abelian) ideal, we may consider the quotient
algebra g/m1, of which k is a subalgebra via k → g/m1 : X 7→ X + m1. From (4.5) we have
that k is a compact symmetric subalgebra of g/m1. In case of representations (2), (4) and
(5) this leads to a contradiction with the classification of symmetric spaces [5], since in
these cases the K-representation on m2 is not equivalent to an isotropy representation of
any Riemannian symmetric space. For representation (3), it follows that g/m1 is a simple
Lie algebra of type sp(n + 1) or sp(n, 1). But g/m1 acts nontrivially with nontrivial kernel
k1 ⊕m2 on m1 and hence cannot be simple.
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The case where m1 and m2 do not commute. In this case we have λ = 2µ
2 6= 0. Furthermore,
since m2 is K-irreducible, we have [m1,m2] = m2 from (4.5). Let G1 be the connected
subgroup of G corresponding to g1, which is closed by Theorem 3.1. Up to scaling, the
homogeneous space F = G1/K is (locally) isometric to either H
n, in case λ < 0, or Sn, in
case λ > 0. By Theorem 3.4 it follows that the action of G1 on m2 is isometric.
If λ < 0, it follows that k0 ⊕ m1 ∼= spin(2, 1), spin(3, 1), spin(6, 1), or spin(7, 1); in par-
ticular, k0 ⊕ m1 is a simple real Lie algebra. It follows that the corresponding group acts
nontrivially and isometrically on m2, a contradiction. Thus we may henceforth assume λ > 0.
By the rescaling (4.9) we can actually arrange for λ = 1 and µ = 1/
√
2.
Now assume [m2,m2] = 0, i.e. m2 is an abelian ideal of g. Then the Lie bracket of g is
uniquely determined by λ and µ. Hence it suffices to exhibit examples of such spaces M in
order to explicitly obtain the Lie algebra structure (up to rescaling) and we conclude that
M = G/K is isometric to one of the homogeneous spaces
Sp(1) · Sp(n)⋉ R4n
U(1) · Sp(n) ,
Sp(1) · (Sp(1) · Sp(n)⋉ R4n)
∆Sp(1) · Sp(n) ,
Spin(7)⋉ δ7
Spin(6)
,
Spin(8)⋉ δ+8
Spin(7)
endowed with a G-invariant metric, where δ7 stands for the 8-dimensional spin representation
of Spin(7) and δ+8 denotes an 8-dimensional half-spin representation of Spin(8); the “∆”
indicates that the Sp(1)-factor is diagonally embedded into the two Sp(1)-factors of G.
If 0 6= [m2,m2] ⊆ k, then k is symmetric in k⊕m2. This is a contradiction for representations
(2), (5) and (4), since in these cases m2 is not equivalent to the isotropy representation of a
Riemannian symmetric space. For representation (3), it follows that [m2,m2] = k, but then
we obtain from the Jacobi identity
(4.11) [[m2,m2],m1] ⊆ [m2, [m2,m1]] = [m2,m2],
the contradiction m1 ⊆ k.
If [m2,m2] = m1, then (4.11) reduces to [m1,m1] ⊆ m1, which implies [m1,m1] = 0. It
follows that m is a subalgebra of g and since neither of the K-irreducible spaces m1 or m2
is an ideal of m, the Lie algebra m must be simple. By [5], Corollary II 6.5, it follows that
m contains a subalgebra isomorphic to k whose action on m is equivalent to the k-action.
This is a contradiction since m does not contain any K-submodule equivalent to the adjoint
representation of K.
It only remains the case where m1 6= [m2,m2] 6⊆ k. In case n = 6, 7 it follows that g is
simple, immediately leading to a contradiction in case n = 6, since there is no simple real
Lie algebra of dimension 29; if n = 7 then g is a simple real Lie algebra of dimension 36
containing spin(7) as a subalgebra and it follows that g is isomorphic to either spin(9),
spin(8, 1) or spin(7, 2); however, only in the first two cases the isotropy representation can
be equivalent to (5), hence
M = Spin(9)/Spin(7) or M = Spin(8, 1)/Spin(7).
Now consider the case of representations (2) and (3). The subalgebras k0 ⊕ m1 and k1
of g1 commute and hence are ideals of g1. Since we have already shown that λ is positive,
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we know that k0⊕m1, and therefore also g1, is a compact Lie algebra. By (4.5) we have that
g1 is a compact symmetric subalgebra of g.
In case of representation (2) we have g1 ∼= sp(1)⊕ sp(n) with G1 acting transitively and
almost effectively on the unit sphere in m2 and we obtain from the classification of symmetric
spaces [5] that g is isomorphic to either sp(n+ 1) or sp(n, 1). Hence it follows that
M = Sp(n+ 1)/U(1) · Sp(n) or M = Sp(n, 1)/U(1) · Sp(n).
In case of representation (3), we have that k0⊕m1 ∼= so(4) and hence g1 ∼= sp(1)⊕sp(1)⊕
sp(n). The compact symmetric subgroup G1 acts transitively on the unit sphere in m2 and
such that the action of the Sp(n)-factor is almost effective; it follows from the classification
of symmetric spaces [5] that G/G1 is a non-effective presentation of HH
n or HPn. Hence g is
isomorphic to a Lie algebra direct sum sp(1)⊕ sp(n+ 1) or sp(1)⊕ sp(n, 1). It follows that
M =
Sp(1) · Sp(n+ 1)
∆Sp(1) · Sp(n) or M =
Sp(1) · Sp(n, 1)
∆Sp(1) · Sp(n) ,
where the “∆” indicates that the Sp(1)-factor is diagonally embedded into the two simple
factors of G. 
4.4. A Lie algebra construction leading to homogeneous presentations of flat
space. In this section we will show that a Riemannian homogeneous space whose isotropy
representation is equivalent to (1) from Table 1 is Euclidean.
Proposition 4.12. Let M = G/K be a simply connected Riemannian homogeneous space
such that the action of K = U(n) on the tangent space m = m1 ⊕ m2 = C ⊕ Cn of M is
equivalent to representation (1), i.e. K acts by a power of the determinant on m1 and by the
standard representation on m2. Then M is isometric to Euclidean space.
Proof. It follows from Theorem 3.4 that the action ofG1 onm2 is isometric, since the principal
isotropy group of the K-action on m2 is isomorphic to U(n − 1). Assume the G1-action
on m2 is almost effective, then we have G1 ⊆ SO(m2); however, since k = u(n) ⊂ so(2n)
is a maximal subalgebra, it follows that g1 ∼= so(2n), which leads to contradiction by a
dimension count. Thus it follows that the action of g1 has a two-dimensional kernel, which is
an ideal of g1. Since the only two-dimensional K-invariant subspace of g1 is m1, this shows
that [m1,m2] = 0.
Now observe that g1 = k ⊕ m1 is a subalgebra of g by Theorem 3.1. Since Λ2m1 is a
one-dimensional trivial K-module, it follows from Schur’s Lemma that [m1,m1] ⊆ k0, where
k0 is the one-dimensional abelian ideal of k = u(n). But since we have already shown that
m1 is an ideal of g1, it follows that [m1,m1] = 0.
Since the homogeneous space SO(2n)/U(n) = SO(m2)/K is isotropy irreducible [11], it is
obvious by a dimension count that the K-module m1 ⊗m2 does not contain any submodule
equivalent to m1 or m2. Therefore [m2,m2] ⊆ k. Assume [m2,m2] 6= 0 and consider the Lie
algebra k⊕m2; it follows from the classification of symmetric spaces [5] that k⊕m2 is a simple
real Lie algebra of type su(n + 1) or su(n, 1); however, k ⊕ m2 acts on m1 with nontrivial
kernel m2, a contradiction.
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We have proved that m = m1 ⊕m2 is an abelian ideal of g and hence M is flat. 
4.5. Isotropy with a one-dimensional trivial module. To complete the classification
in the homogeneous case, it remains to study manifolds M = G/K where the isotropy
representation has a one-dimensional trivial submodule.
Proposition 4.13. Let M = G/K be a simply connected Riemannian homogeneous space
such that the action of K on the tangent space of M is of cohomogeneity two and leaves
a nonzero vector fixed. Assume that M is not de Rham decomposable and not symmetric.
Then M is isometric to one of the following homogeneous spaces equipped with a G-invariant
metric:
SU(n+ 1)
SU(n)
,
SU(n, 1)
SU(n)
, N(1, k).
Proof. Assume m1 is a one-dimensional trivial K-module and m2 is an irreducible K-repre-
sentation of cohomogeneity one. Clearly we have [m1,m1] = 0.
The case where m1 and m2 commute. Assume [m1,m2] = 0. Then m1 lies in the center of g
and is hence an ideal of g. Consider the quotient algebra g0 = g/m1. It contains k as a subal-
gebra, acting irreducibly on a K-invariant complement, denoted by m¯2, of k in g0; the action
of k on m¯2 is clearly equivalent to the k-action on m2, thus the corresponding homogeneous
space M0 = G0/K is strongly isotropy irreducible, with an isotropy representation of coho-
mogeneity one. It follows that M0 equipped with a G0-invariant metric is either isometric
to a symmetric space of rank one or Euclidean.
Let [·, ·]0 be the Lie bracket of g0 = k ⊕ m¯2. Consider the subspace I = m¯2 + [m¯2, m¯2]0
of g0. It follows from the Jacobi identity that I is an ideal of g0, since
[I, k]0 = [m¯2 + [m¯2, m¯2]0, k]0 ⊆ [m¯2, k]0 + [m¯2, [m¯2, k]0]0 = I
and
[I, m¯2]0 ⊆ [g0, m¯2]0 = [k, m¯2]0 + [m¯2, m¯2]0 = I.
It follows that m1 +m2 + [m2,m2] is an ideal of g.
Assume first the ideal I is simple. Then m1 + m2 + [m2,m2] is a central extension of
the simple Lie algebra I and hence isomorphic to the Lie algebra direct sum of I and the
one-dimensional abelian Lie algebra m1 by the Whitehead Lemma. Since m1 lies in the
center of g, it follows that also g is isomorphic to a Lie algebra direct sum of g0 and a
one-dimensional abelian Lie algebra. Hence the homogeneous space M = G/K is de Rham
decomposable in this case.
Assume now I = m¯2, i.e. [m¯2, m¯2] ⊆ m¯2. Then the K-irreducible space I = m¯2 is either
an abelian or a simple ideal. We have already treated the case where I is simple, thus we
may assume I is abelian. In this case m = m1 ⊕ m2 is a two-step nilpotent ideal of g and
it follows that the Lie bracket on m is given by a K-invariant skew-symmetric bilinear form
ω : m2 ×m2 → R such that
[X, Y ] = ω(X, Y ) v for all X, Y ∈ m2,
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where v ∈ m1 is some nonzero vector. We may assume ω 6= 0 since otherwise M is flat.
The two-form ω defines a nonzero skew-symmetric K-equivariant endomorphism F on m2
by 〈F (X) | Y 〉 = ω(X, Y ). Hence F 2 is a nonzero symmetric K-equivariant endomorphism
on m2 with at least one negative eigenvalue. By Schur’s Lemma it follows that F
2 = −λ idm2 ,
for some λ > 0. Hence the K-module m2 admits a complex structure defined by F/
√
λ. It
follows that M is isometric to a generalized Heisenberg group of type
N(1, k), where k = 1
2
dimR m2.
We may now assume that I 6= m¯2 and that I is not simple. Then I contains a non-trivial
proper ideal. Since k acts effectively on m¯2, the only possibility is that m¯2 is an ideal of I,
contradicting I 6= m¯2.
The case where m1 and m2 do not commute. In view of Theorem 3.4 we may assume that
the G1-action on m2 is isometric. Furthermore, as [m1,m2] 6= 0 we may assume that the
group G1 acts almost effectively, i.e. with a discrete kernel Γ ⊂ G1, on m2. In fact, if g1
had a kernel b on m2 then, by the effectivity of the K-action on m2, b would be another
AdK-invariant one-dimensional complement of k in g1; in this case we could use b in place
of m1 and would be in the previous case where m1 and m2 commute.
Thus both K and G1/Γ act effectively and transitively on the sphere Sm2 in m2. Therefore
both must show up in the classification of such groups. From Table 2, the only cases where
a group and a one-dimensional extension of it act effectively and simply transitively on the
same sphere are the cases
K = SU(n), G1/Γ = U(n), m2 = C
n;
and
K = Sp(n), G1/Γ = U(1) · Sp(n), m2 = Hn.
In both cases, the only module isomorphic to m1 ⊗ m2 ∼= m2 in g = k ⊕ m1 ⊕ m2 is m2.
Therefore G1 acts on m2 in the usual sense (i.e. the projection (3.2) is not needed). Also,
G1 contains an element in its center acting as −1 on m2. Hence the Cartan relations (4.5)
hold and (g, g1) is an orthogonal symmetric Lie algebra. It follows from the classification of
symmetric spaces that G ∼= SU(n + 1) or ∼= SU(n, 1) if m2 is not abelian, hence
M = SU(n + 1)/SU(n) or M = SU(n, 1)/SU(n).
Ifm2 is abelian, thenm = m1⊕m2 is an ideal of g. Since the action ofm1 onm2 commutes with
the irreducible K-action it follows that m2 carries a K-equivariant complex structure and
such that the action of elements in m1 is given as multiplication by purely imaginary elements
of C. It follows as in Theorem 3.4 that the simply connected Lie group corresponding to m
is isomorphic to the group M = R ⋉Cn, where the group multiplication is given by
(t, v) · (s, w) = (t+ s, v + eitw).
Identifying M with R1+2n, this induces a simply transitive action of M on itself which is
isometric if M = R1+2n endowed with any Riemannian metric of the form
ds2 = λ dx21 + µ
(
dx22 + · · ·+ dx21+2n
)
,
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where λ, µ > 0 are constants. This shows that, for any choice of a left invariant metric,
M = G/K is isometric to Euclidean space, hence de Rham decomposable. 
We have now completed the proof of Theorem 1.1.
5. The inhomogeneous case
In this section we classify simply connected manifolds admitting a non-transitive group of
isometries whose isotropy groups act with cohomogeneity ≤ 2.
Theorem 5.1. Let M be a simply connected Riemannian manifold on which a closed con-
nected subgroup G of the isometry group acts non-transitively and non-trivially. Let Gp,
p ∈ M , be a principal orbit and assume that the isotropy group K = Gp acts with cohomo-
geneity two on M . Then the G-action has no exceptional orbits and at most two singular
orbits, which are fixed points. If there is a singular orbit, then the principal orbits G/K
are spheres. Else the principal orbits are simply connected rank-one symmetric spaces, i.e.
isometric to one of
(5.2) Rn, Sn, CPn, HPn, OP2, RHn, CHn, HHn, OH2.
More specifically, see Table 4:
(i) If there are no singular orbits then M is a warped product R×f G/K.
(ii) If there is one singular orbit then M is isometric to Rn+1 endowed with a rotationally
symmetric metric, i.e. a metric invariant under a linear cohomogeneity one action
of G on Rn+1.
(iii) If there are two singular orbits then M is isometric to Sn+1 ⊂ Rn+2 = Rn+1 × R
carrying a metric invariant under a linear cohomogeneity one action of G on the
Rn+1 factor.
No. Singular orbits M G/K Section Σ Fundamental domain
(i) none R×f G/K (5.2) R R
(ii) one point ≈ Rn+1 Sn R R+0
(iii) two points ≈ Sn+1 Sn S1 [0, L]
Table 4. Inhomogeneous manifolds with unit tangent bundle of cohomogene-
ity one
The metric on the warped product R×f G/K is dt2⊕f(t)2g0 where f is a smooth positive
function on R and g0 is a fixed G-invariant metric on G/K. The metric g0 is uniquely
determined up to a scaling factor since G/K is isotropy irreducible. All these manifolds are
(degenerate) warped products, i.e. admit an isometry I ×f G/K → M , where I = R,R+0 or
some finite interval [0, L], L > 0, and f > 0 on the interior of I and f = 0 on ∂I = ∅, {0} or
{0, L}, respectively.
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Proof. We fix a point p ∈ M , such that Gp is a principal orbit, and denote by K ⊂ G the
isotropy subgroup at p. The isotropy representation of K splits as
TpM = TpGp⊕NpGp.
From this, it follows that G acts with cohomogeneity one on M and also that K acts with
cohomogeneity one on TpGp. Let γ : R → M be a normal geodesic such that γ(0) = p and
γ˙(0) ⊥ TpGp. Let Σ = γ(R).
We prove the Theorem in the following steps:
1. Each G-orbit intersects Σ perpendicularly. To prove this, let Gq be a second G-orbit and
choose a geodesic ψ realizing the distance of Gp to Gq, say ψ(0) = gp for some g ∈ G. This
geodesic meets both Gp and Gq perpendicularly. Thus g−1ψ ⊂ Σ and Σ meets Gp and Gq
perpendicularly.
2. There are no exceptional orbits. If there are singular orbits, then these are fixed points
and the principal orbits are spheres. Else there are no singular orbits and the principal orbits
are simply connected. Let Gq ⊂ G be the isotropy group at q ∈ Σ. Hence K ⊆ Gq. Since
g = k⊕ TpGp and TpGp is irreducible, the Lie algebra gq of Gq is either g or k.
a) If gq = g then Gq = G and q is a fixed point.
b) If gq = k then K has finite index ι in Gq. Assume Gq is an exceptional orbit i.e. ι > 1.
The map Gp = G/K → Gq = G/Gq, gp 7→ gq, is well defined and has fibre Gq/K with
cardinality #Gq/K = ι. Thus it is a covering with ι sheets. Since Gp is connected, π1(Gp)
is a subgroup of positive index ι in π1(Gq). We may assume p arbitrarily close to q since
the union of the principal orbits is dense. By the Slice Theorem we may identify Gp with a
submanifold of the sphere normal bundle Sν(Gq) of Gq. Since Gp is connected we have
Gp = G/K = Sν(Gq)→ Gq = G/Gq
a two-fold covering. We now apply the Theorem of Seifert-van Kampen to the decomposition
M = Dν(Gq) ∪M \Dν(Gq)
where Dν(Gq) is a G-invariant open tubular neighborhood of Gq from the Slice Theorem.
The intersection is
Dν(Gq) ∩M \Dν(Gq) = Sν(Gq) = Gp.
Thus π1(M) ∼= π1(Gq) ∗ π1(M \ Dν(Gq))/π1(Gp) cannot be trivial because π1(Gp) →
π1(Gq) ∼= π1(Dν(Gq)) is not surjective. Thus there are no exceptional orbits and singu-
lar orbits are fixed points.
If there is a fixed point then the distance sphere of a fixed point is a principal orbit.
If there is no fixed point then all orbits are principal. Thus M is a G/K-bundle over a
one-dimensional manifold which is either R or S1. If it were S1 or if the fibres G/K were
not simply connected then so would be M , by the homotopy sequence 0 = π2(G\M) →
π1(G/K)→ π1(M)→ π1(G\M)→ π0(G/K) = 0 of the fibre bundle G/K →M → G\M .
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3. M is a (possibly degenerate) warped product. For g ∈ G we have that gp ∈ Σ implies
gΣ = Σ, because Σ is the image of a geodesic γv emanating from p = γv(0) with γ˙v(0) =
v ∈ TpGp⊥ = TpΣ. Hence gv ∈ TqGp⊥ = TqΣ and therefore gv = ±γ˙v(tq) if q = γv(tq). Let
W = {g ∈ G | gΣ = Σ}.
If there are no fixed points thenM is a fibre bundle over G\M = W\Σ. Since M is simply
connected we have W\Σ = Σ = R and the G-orbits intersect Σ only once. We thus have a
diffeomorphism
Σ×Gp→M,
(s, gp) 7→ gs.(5.3)
Since the G-invariant metric g0 on G/K is unique up to scaling we can find a positive
function f on Σ such that (5.3) becomes an isometry when R×G/K = Σ×Gp is endowed
with the warped product dt2 ⊕ f(t)2g0. Thus M is of the first type in Table 4.
If there is a fixed point q there is w ∈ W \K with w2 ∈ K and W is generated by w and
K. If Σ = R there are no other fixed point and if Σ = S1 we have at most two fixed points.
In both cases the principal orbits are spheres. Away from the fixed points M is a warped
product over the interior of a fundamental domain Σ0 ⊂ Σ for the W -action on Σ. This can
only be Σ0 = R
+ or Σ0 = (0, L) for some L > 0, which produces the second and the third
type in Table 4, respectively. One has to replace R = Σ in (5.3) by the fundamental domain
Σ0 = R
+ or Σ0 = (0, L). 
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